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Abstract
This paper gives an analysis of the movement of n vortices on the
sphere. When the vortices have equal circulation, there is a polygonal
solution that rotates uniformly around its center. The main result
concerns the global existence of relative periodic solutions that emerge
from this polygonal relative equilibrium. In addition, it is proved
that the families of relative periodic solutions contain dense sets of
choreographies.
Keywords: n-vortex problem, choreographies, global bifurcation,
equivariant degree theory.
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1 Introduction
The model for the interaction of n-vortex points on the sphere is derived
in [18] and [5]. Among other applications, this model describes the interac-
tion of hurricanes on the surface on the Earth, vortices in fluid dynamics,
Bose-Einstein condensates and semiconductors. A modern exposition of the
general challenges associated to the n-vortex problem is presented in [24] and
references therein.
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The n vortices on the unitary sphere S2 are described by vj(t) ∈ S
2 for
j = 1, .., n, where the equations are
v˙j =
∑
i 6=j
vi × vj
‖vj − vi‖
2 . (1)
The stereographic projections of the vortices in the complex plane are given
by
qj =
xj + iyj
1− zj
∈ C, vj = (xj , yj, zj) .
On the sphere, the problem has the solution qj(t) = e
iωt
(
reijζ
)
(polygonal
relative equilibrium) when
ω = (n− 1)
1− r4
8r2
, ζ =
2π
n
.
The nonlinear stability of this polygonal relative equilibrium has been
established in [20] and [4]. In [20], a constant background vorticity is imposed
on the sphere so that the total vorticity adds to zero, equation (1), while [4]
considers an additional vortex fixed at one of the poles. On the other hand,
the existence of families of relative periodic solutions that bifurcate from
the polygonal relative equilibrium in the plane is proved in [16]. The main
purpose of this work is to extend the results in [16] to the sphere.
In a rotating frame, the normal frequencies νk of the polygonal equilibrium
on the sphere are given in equation (12) for k = 1, ..., n. Since νk = νn−k, the
normal frequencies are 1 : 1 resonant except for k = n/2 for n even, which
is also the case of the polygonal relative equilibrium in the plane [16]. Due
to these resonances, the Lyapunov center theorem cannot be used to prove
the existence of these families. Actually, in [10] the local existence of relative
periodic solutions is proved using Lyapunov’s center theorem, but only for
the non-resonant case k = n/2 for n = 2, 4, 6. On the other hand, the local
existence of periodic solutions can be obtained for the resonant frequencies
νk with the equivariant Weinstein-Moser theorem [22] or Fadell-Rabinowitz
theorem [2], but those theorems do not prove that the periodic solutions form
a continuous family. We prove the following,
Theorem 1 For each k ∈ {1, ..., n− 1} if n ≤ 7 and k ∈ {1, 2, n− 2, n− 1}
if n ≥ 8 such that
4r2
(
1 + r2
)−2
< 2−
k(n− k)
n− 1
,
2
there is a global continuous family of relative periodic solutions of the form
qj(t) = e
iωtxj(νt),
that emerges from the polygonal relative equilibrium xj = re
ijζ with initial
frequency ν = νk, where xj(t) ∈ C are 2π-periodic functions satisfying the
symmetries
xj(t) = e
ijζxn(t+ jkζ).
We use the change of variables developed in [15] to obtain the isotypic
decomposition. With this change of variables, we decompose the Hessian in
2×2 blocks. Our computations give similar results to the computations in [4]
and [20], where the nonlinear stability of the polygonal relative equilibrium
is analyzed. As a side consequence of our approach, we recover the results
about the linear stability of the polygonal relative equilibrium on the sphere.
The bifurcation of periodic solutions is represented by a G-equivariant
problem; where the group
G = Zn × SO(2)× S
1
acts by permuting vortices, rotating positions and translating time. Theorem
1 is proved by using a G-equivariant degree theory that is orthogonal to the
generators of the group, developed in [19] and [1]. This approach is analogous
to the one implemented for the plane in [16]. The global property of the
families means that the periodic solutions x = (x1, ..., xn) form a continuum
which has Sobolev norm or period going to infinity, that either ends in a
collision orbit or in a bifurcation point of different equilibrium.
These results can be easily extended to vortices in any radially symmetric
surface, or to bodies on the sphere [14]. However, the analysis of the spectrum
for bodies is considerably more difficult to perform; refer to [17] for bodies
on the plane.
A choreography is a periodic solution of the n-vortex problem with n equal
vortices following the same path. An analogous result for the existence of
choreographies along families of relative periodic solutions that emerge from
the polygonal relative equilibrium for the n body problem, given in [11] and
[8], is proven in Section 4, where we show that a relative periodic solution
for vortices is a choreography when
ν =
m
ℓ
ω ,
3
with ℓ and m are relatively prime such that kℓ − m ∈ nZ. These condi-
tions on the frequency are satisfied for a dense set of parameters ν. In fact,
choreographies that emanate from the polygonal relative equilibrium in the
plane and sphere have been computed numerically in [9]. Choreographies for
4 vortices on the sphere have been found in [7]
In Section 2 we define the equivariant properties of the bifurcation oper-
ator and present a reduction to a finite number of Fourier components. In
Section 3 we analyze the spectra for the isotypic components. In Section 4
we prove Theorem 1. In Section 5 we prove that families of relative periodic
solutions contain choreographies.
2 Setting up the problem
From [23], the system of equations for n vortices on the sphere, parameterized
by the stereographic projection, has Hamiltonian
H(q) = −
1
2
n∑
j=1
n∑
i=1(i 6=j)
ln
|qj − qi|
2(
1 + |qj |
2) (1 + |qi|2) ,
and symplectic form,
Ω =
n∑
j=1
2i
(
1 + |qj |
2)−2 dqj ∧ dq¯j.
Let the amended potential be
V (q) = ωG(q) +H(q), G(q) = 2
n∑
j=1
|qj |
2
1 + |qj|
2 .
In rotating coordinates, qj(t) = e
iωtuj(t), the equation for n vortices on the
sphere is given by
4
(
1 + |uj|
2)−2 iu˙j = ∇ujV (u), (2)
where
∇ujV (u) = 4
(
1 + |uj|
2)−2 ωuj − n∑
i=1(i 6=j)
(
uj − ui
|uj − ui|
2 −
uj
1 + |uj|
2
)
4
Let
s1 =
n−1∑
j=1
1− eijζ
|1− eijζ|2
=
n− 1
2
.
Equation (2) for the n vortices on the sphere has the polygonal equilibrium
a = (a1, ..., an), aj = re
ijζ , (3)
when
ω =
1
4
(
1 + r2
)2(s1
r2
− (n− 1)
1
1 + r2
)
= s1
(
1− r4
4r2
)
.
Changing variables by x(t) = u(t/ν) (hereafter we use real coordinates
for x), the 2π/ν-periodic solutions of the differential equation for the vortices
are solutions of equation
4
(
1 + |xj |
2)−2 νJx˙j = ∇xjV (x).
Let Ψ = {x ∈ R2n : xi = xj} be the set of collision points. Since H
1
2π(R
2n) ⊂
C02π(R
2n), we define the open set of collision-free 2π-periodic paths as
H12π(R
2n\Ψ) = {x ∈ H12π(R
2n) : xi(t) 6= xj(t)} . (4)
Then, 2π/ν-periodic solutions correspond to zeros of the bifurcation operator
f(x, ν) : H12π(R
2n\Ψ)× R+ → L22π,
with components
fj(x) = −ν4
(
1 + |xj |
2)−2 Jx˙j +∇xjV (x). (5)
Remark 2 The analysis of bifurcation of periodic solutions on the sphere
is represented by an operator defined in the manifold H12π((S
2)
n
\Ψ) with Ψ
the collision set. The stereographic projection gives a chart of this manifold:
H12π((R
2)
n
\Ψ) →֒ H12π((S
2)
n
\Ψ). In this paper we prove the global property
of the family only in the chart H12π((R
2)
n
\Ψ). While these results can be ex-
tended to consider the global bifurcation in the whole manifold H12π((S
2)
n
\Ψ),
this would require to extend the definition of equivariant degree to manifolds,
a program that is out of the scope of our presentation.
By using the stereographic projection of the sphere, we can analyze the
existence of periodic solutions of the n vortices on the sphere analogously to
the plane [16].
5
Definition 3 Let ζ be the permutation of {1, ..., n} given by ζ(j) = j + 1
modulus n. We define the action of (ζ, θ) ∈ Zn×SO(2) in x ∈ H
1
2π((R
2)
n
\Ψ)
by
ρ(ζ)xj = xζ(j), ρ(θ)xj = e
−Jθxj, (6)
and the action of ϕ ∈ S1 by
ρ(ϕ)x(t) = x(t + ϕ). (7)
The potential V is invariant under the action of Zn × SO(2) because
the vortices have the same circulation. Then the gradient ∇V is Zn ×
SO(2)-equivariant. Since the equation is autonomous, the operator f is
G-equivariant under the action of the abelian group G = Zn × SO(2)× S
1.
The infinitesimal generators of groups S1 and SO(2) are
Ax =
∂
∂ϕ
|ϕ=0x(t + ϕ) = x˙ and A1x =
∂
∂θ
|θ=0e
−J θx = −J x,
where
J = diag(J, ..., J).
Since V is SO(2)-invariant, the gradient ∇V (x) must be orthogonal to the
generator A1x, 〈∇V,J x〉R2n = 0. The operator f is G-orthogonal to the
generators due to equalities
〈f(x), x˙〉L2
2pi
= −ν
n∑
j=1
〈
1
4
(
1 + |xj |
2)2 Jx˙j , x˙j
〉
L2
2pi
+ V (x(t))|2π0 = 0,
and
〈f(x),J x〉L2
2pi
= −νG (x) |2π0 +
∫ 2π
0
〈∇V,J x〉 dt = 0,
because
∂tG(x) =
n∑
j=1
4
(
1 + |xj |
2)−2 〈xj , x˙j〉 .
Remark 4 Unlike the case of the plane [16], the operator f cannot be repre-
sented as the gradient of a functional on the sphere. Then the operator f is a
genuine example of an orthogonal operator that is not the gradient of a func-
tional. The Hopf fibration can be used to lift the Hamiltonian system from
6
the sphere S2 to S3 such that the system in S3 has a Lagrangian represen-
tation [26], i.e. the operator in S3 has a gradient representation. However,
the analysis of the gradient in S3 has additional challenges.
Define Z˜n as the subgroup generated by (ζ, ζ) ∈ Zn×S
1 with ζ = 2π/n ∈
S1. Since the action of (ζ, ζ) leaves the equilibrium a fixed, the isotropy group
of a is
Ga = Z˜n × S
1.
Thus, the orbit of a is isomorphic to the group G/Ga = SO(2). In fact, the
orbit consists of rotations of the equilibrium. As a consequence, the generator
of the orbit A1a = −J a must be in the kernel of D
2f(a).
In order to apply the orthogonal degree developed in [19], we need to
make a reduction of the bifurcation operator to finite space. Let Px be the
projection Px =
∑
|l|≤p xle
ilt. Define x1 = Px, x2 = (I − P )x, f1 = Pf
and f2 = (I − P )f . Since ∂x2f2(x1 + x2; ν) is uniformly invertible in a
closed bounded set inside H12π(R
2n\Ψ) × R+, we can solve x2(x1, ν) from
f2(x1+x2; ν) = 0 by using the global implicit function theorem in this closed
bounded set, see [16] for details.
The bifurcation function
φ(x1; ν) = f1(x1, x2(x1, ν); ν),
has the same equivariant and orthogonal properties that f (Chapter 1 in
[19]). Moreover, the linearization of the bifurcation function at equilibrium
a is
φ′(a)x1 =
∑
|l|≤p
(
−4
(
1 + r2
)−2
ν(liJ ) +D2V (a)
)
xle
ilt.
Since the bifurcation operator is real, the linearization of the bifurcation
function is determined by the blocks M(lν) for l ∈ {0, ..., p}, where M(ν) is
the matrix
M(ν) = −4
(
1 + r2
)−2
ν(iJ ) +D2V (a). (8)
The matrix M(lν) represents the lth Fourier component of the linearized
equation at equilibrium a.
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3 Irreducible representations
To compute the Hessian of V , we define Aij as the 2×2 minors of D
2V (a) ∈
MR(2n), i.e.,
D2V (a) = (Aij)
n
ij=1.
Proposition 5 We have for j ∈ {1, ..., n− 1} that
Anj =
1
(2r sin(jζ/2))2
(
ejJζR
)
, Ann = A−
n−1∑
j=0
Anj ,
where R = diag(1,−1) and
A = s1r
−2I − 4s1
(
1 + r2
)−2
diag(1, 0) .
Proof. Notice that
∇xnV (x) = 4ω
xn(
1 + |xn|
2)2 + (n− 1) xn1 + |xn|2 −
∑
i 6=n
xn − xi
|xn − xi|
2 .
Therefore, the minor Anj is
Anj = Dxj∇xnV (x)
∣∣
xj=aj
= Dxj
(
−
xn − xj
|xn − xj |
2
)∣∣∣∣∣
xj=aj
.
Given that aj = (r cos jζ, r sin jζ), then
Anj =
1
|an − aj |
2 I−
2r2
|an − aj|
4
(
(1− cos jζ)2 −(1 − cos jζ) sin jζ
−(1− cos jζ) sin jζ (sin jζ)2
)
.
Since
|an − aj |
2 = 2r2(1− cos jζ) = 4r2 sin2(jζ/2),
and sin2 jζ = (1− cos jζ)(1 + cos jζ), then
Anj =
1
4r2 sin2(jζ/2)
(
I −
(
1− cos jζ − sin jζ
− sin jζ 1 + cos jζ
))
.
Let
A = Dxn
(
4ω
xn(
1 + |xn|
2)2 + (n− 1) xn1 + |xn|2
)∣∣∣∣∣
xn=an
,
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then the matrix Ann satisfies
Ann = A−
∑
j 6=n
Dxn
(
−
xn − xj
|xn − xj|
2
)
= A−
∑
j 6=n
Anj.
It only remains to compute
A =
(
4ω
(1 + r2)2
+
n− 1
1 + r2
)
I − 2r2
(
8ω
(1 + r2)3
+
n− 1
(1 + r2)2
)
diag(1, 0).
By the definition of ω, we have
4ω
(
1 + r2
)−2
+ (n− 1)
(
1 + r2
)−1
=
n− 1
2
r−2 ,
and
8ω
(
1 + r2
)−3
+ (n− 1)
(
1 + r2
)−2
= (n− 1)r−2
(
1 + r2
)−2
.
Then A = s1r
−2I − 4s1 (1 + r
2)
−2
diag(1, 0).
In order to apply the orthogonal degree we need to find the isotypic
decomposition for the action of Z˜n < Zn × SO(2).
Definition 6 For k ∈ {1, ..., n}, we define isomorphisms Tk : C
2 → Wk by
Tk(w) = (n
−1/2e(ikI+J)ζw, ..., n−1/2en(ikI+J)ζw),
where
Wk = {(e
(ikI+J)ζw, ..., en(ikI+J)ζw) : w ∈ C2} ⊂ C2n.
In [15] is proved that subspaces Wk are the isotypic components under
the action of Z˜n, where the action of (ζ, ζ) ∈ Z˜n on the space Wk is
ρ(ζ, ζ) = eikζ .
Since subspaces Wk are orthogonal, the linear transformation
Pw =
n∑
k=1
Tk(wk), w = (w1, ..., wn) ∈ C
2n,
is orthogonal. Given that P rearranges the coordinates of the isotypic de-
composition, we have, from Schur’s lemma,
P−1D2V (a)P = diag(B1, ..., Bn),
9
where Bk are matrices which satisfy D
2V (a)Tk(w) = Tk(Bkw).
In Proposition 7 of [15] is found that the blocks Bk are given by
Bk =
n∑
j=1
Anje
j(ikI+J)ζ for k ∈ {1, ..., n}. (9)
This formula has been successfully applied to study the bifurcation of periodic
solutions from the polygonal equilibrium for bodies and vortices in [17] and
[16], respectively. In the plane, for the polygonal relative equilibrium with
radius r = 1, the computation in [16] shows that Bk = s1I + (s1 − sk)R,
where
sk :=
k(n− k)
2
. (10)
In the next proposition, we calculate Bk for the case of n vortices on the
sphere.
Proposition 7 We have
Bk = s1r
−2I + (s1 − sk) r
−2R− 4s1
(
1 + r2
)−2
diag(1, 0) .
Proof. Since Ann = A−
∑n−1
j=0 Anj, then
Bk = A+
n−1∑
j=1
Anj(e
j(ikI+J)ζ − I).
Since Anj = (2r sin(jζ/2))
−2 (ejJζR), then
Bk = A+
n−1∑
j=1
1
(2r sin(jζ/2))2
(Rejikζ − ejJζR).
Using the equalities e−(jJζ) + e(jJζ) = 2I cos jζ and ejikζ + e−jikζ = 2 cos jkζ ,
we conclude that
Bk = A+
n−1∑
j=1
cos jkζ − cos jζ
(2r sin(jζ/2))2
R.
Since 4 sin2(jζ/2) = 2(1− cos jζ), then
Bk = A+
n−1∑
j=1
−2 sin2(jkζ/2) + 2 sin2(jζ/2)
(2r sin(jζ/2))2
R .
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The result follows from equality
sk :=
k(n− k)
2
=
1
2
n−1∑
j=1
sin2(jkζ/2)
sin2(jζ/2)
.
For the 0th Fourier component, the real matrix M(0) = D2V (a) ∈
MR(2n) is equivalent to the matrix
diag(B1, ..., Bn/2, Bn),
where Bk ∈MC(2) for k ∈ [1, n/2) ∩ N and Bn/2, Bn ∈MR(2).
For the lth Fourier components, the matrixM(lν) in the new coordinates
is given by
P−1M(lν)P = diag(m1(lν), ..., mn(lν)),
where blocks mk(ν) ∈MC(2) are
mk(ν) = −ν(iJ)4
(
1 + r2
)−2
+Bk.
The action of (ζ, ζ, ϕ) ∈ Z˜n × S
1 in Wk for the lth Fourier mode is given
by
ρ(ζ, ζ, ϕ)wk = e
ikζeilϕwk.
4 Bifurcation theorem
Proposition 8 For
4r2
(
1 + r2
)−2
< 2− sk/s1, (11)
we define
νk =
(1 + r2)
2
4r2
[
sk
(
2s1 − sk − 4s1r
2
(
1 + r2
)−2)]1/2
. (12)
Therefore, the Morse index nk(ν) of mk(ν) changes at νk and
ηk(νk) = lim
ε→0
(nk(νk − ε)− nk(νk + ε)) = −1.
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Proof. The determinant of
mk(ν) =
(
(2s1 − sk) r
−2 − 4s1 (1 + r
2)
−2
i4ν (1 + r2)
−2
−i4ν (1 + r2)
−2
skr
−2
)
,
is
dk(ν) = −ν
216
(
1 + r2
)−4
+ r−4sk
(
2s1 − sk − 4s1r
2
(
1 + r2
)−2)
.
This determinant changes sign only at values ±νk when (11) holds. The trace
of mk(ν) is
Tk(ν) = 2s1r
−2 − 4s1
(
1 + r2
)−2
= 2s1
(
r4 + 1
)
r−2
(
1 + r2
)−2
> 0.
Since Tk(0) > 0 and dk(0) > 0 when (11) holds, the Morse index at ν = 0
is nk(0) = 0. Since dk(∞) < 0, then nk(∞) = 1. Given that nk(ν) changes
only at the positive value νk, then
η(νk) = nk(0)− nk(∞) = −1.
Note that 2 − sk/s1 > 0 for all k ∈ {1, ..., n − 1} if n ≤ 7 and for
k ∈ {1, 2, n− 2, n− 1} if n ≥ 8, i.e. the frequencies νk are real only in these
cases. We say that the frequency νk is non-resonant if lνk 6= νj for j 6= k and
l ≥ 2. The proof of Theorem 1 is consequence of the following theorem.
Theorem 9 Assume that r satisfies 4r2 (1 + r2)
−2
6= 2 − sk/s1 for all k ∈
{1, ..., n − 1}. For each k ∈ {1, ..., n − 1} such that νk is non-resonant,
the operator f(x, ν) has a global bifurcation of zeros (x, ν) from (a, νk) with
symmetries
xj(t) = e
jζJxn(t + jkζ) .
Proof. The linear map φ′(a; ν) has lth Fourier components M(lν) with
blocks mk(lν) for l = 0, ..., p. Let M
⊥(0) be the matrix M(0) = D2V (a)
in the orthogonal complement to the generator of the orbit A1a= −J a.
Then M⊥(0) is invertible by the hypothesis that 4r2 (1 + r2)
−2
6= 2 − sk/s1,
i.e. Ga is an hyperbolic orbit. In the new coordinates w, the vector J a
corresponds to wn = e2 = (0, 1). Then Bn in the orthogonal complement of
e2 is given by e
T
1Bne1 = 2s1r
−2−4s1 (1 + r
2)
−2
, which is positive. Therefore,
σ := sign eT1Bne1 = 1.
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Since νk is non-resonant, thenM(lν) is invertible at ν = νk for l = 2, ..., p.
For the 1th Fourier mode, the Morse index of mk(ν) = M(ν)|Wk changes at
νk with ηk(νk) = −1, and the action of (ζ, ζ, ϕ) ∈ Ga in Wk is given by
ρ(ζ, ζ, ϕ)wk = e
ikζeiϕwk. Then the isotropy group of the space Wk is the
group Z˜n(k) generated by (ζ, ζ,−kζ) ∈ Ga,
Z˜n(k) = 〈(ζ, ζ,−kζ)〉 .
Using the computations for equivariant orthogonal degree in Proposition 3.2
of Chapter 4 in [19], we conclude that the G-orthogonal degree in a neigh-
borhood of (x1, ν) = (Ga, νk) is
deg (d (x1, Ga)− ε, φ(x1; ν)) = ηk(νk)
(
Z˜n(k)
)
+ ηn−k(νk)
(
Z˜n(n− k)
)
+ ... ,
where the sum includes non-maximal isotropy groups H . Since ηk(νk) =
−1 6= 0, by the existence property of the degree, we conclude the local
existence of two solutions with isotropy groups Z˜n(k) and Z˜n(n − k). A
solution with isotropy group Z˜n(k) satisfies symmetries
xj(t) = ρ (ζ, ζ,−kζ)xj = e
−Jζxj+1(t− kζ).
The global property follows from assuming that the branch is contained
in a closed bounded set inside H12π(R
2\Ψ) × R+, unless it is a continuum
set with period or Sobolev norm going to infinite or with a collision orbit.
Applying orthogonal degree to the reduced function φ(x1) in this compact
set, we conclude that the sum of the local degrees at bifurcation points is
zero as in Theorem 5.2, Chapter 2 in [19]. Since all the degrees have indices
ηk(νk) = −1, the sum of the degrees can never be zero unless it goes to a
different equilibrium.
By the definition (12), we have that lνk 6= νj if and only if
4r2
(
1 + r2
)−2
= −
(sj (sj − 2s1)− l
2sk (sk − 2s1))
(s1sj − l2s1sk)
→ 2− sk/s1
when l → ∞. Therefore, the frequency νk is non-resonant except for a
countable set of parameters 4r2 (1 + r2)
−2
that accumulates at 2 − sk/s1.
For the resonant frequencies the theorem proves the existence of a branch
with the higher frequency νj = lνk.
The frequency νn = 0 corresponds to rotations of the equilibrium and is
not a bifurcation point. The existence of periodic solutions cannot be proved
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at rk with 4r
2
k (1 + r
2
k)
−2
= 2− sk/s1 because Ga is not an hyperbolic orbit.
Actually, since detBk changes sign at rk, there is a bifurcation of relative
equilibria at rk, see [23] or [15].
The condition for linear stability is that all the normal frequencies are real,
i.e., that inequality (11) holds for all k ∈ {1, ..., n− 1}. In polar coordinates
r2 = (1 + cos θ) (1− cos θ)−1, where θ is the polar angle, the linear stability
condition is equivalent to
k(n− k)
n− 1
− 1 < cos2 θ for k ∈ {1, ..., n− 1}.
Using the fact that k(n−k) is increasing in k for k ∈ {1, ..., [n/2]}, we obtain
a similar result that in [4] and [20].
From the equality Bn−k = Bk, we have mn−k(ν) = m¯k(−ν). This equal-
ity is a consequence of the fact that the problem is equivariant under the
action of the non-abelian group G ∪ κG, where κ is a reflection that acts as
ρ(κ)xj(t) = x¯n−j(−t). Therefore, it is possible that the families of relative
periodic solutions with symmetries Z˜n(k) and Z˜n(n − k) are related by the
reflection κ.
5 Choreographies
The term choreography was adopted for the n-body problem in celestial me-
chanics after the work of Simo´ [25]. The first non-circular choreography
was discovered numerically for 3 bodies in [21], and its existence was proved
analytically in [12] using the direct method of calculus of variations.
For 4 vortices in the plane, choreographies have been found in [6] and
[7]. Recently, choreographies have also been constructed for n vortices in
general bounded domains with blow-up techniques. They are located close
to stagnation points of one vortex in the domain [3], and close to its boundary
[13].
Let
Qj(t) := qj(t/ν) = e
itω/νxj(t),
be a reparametrization of the positions of the vortices in the inertial reference
frame. The following theorem shows that the families of relative periodic
solutions contain dense sets of choreographies.
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Theorem 10 A relative periodic solution with symmetry group Z˜n(k) and
frequency ν = ω(m/ℓ), where ℓ and m are relatively primes such that kℓ−m ∈
nZ, satisfies
Qj(t) = Qn(t+ jk˜ζ) ,
where k˜ = k− (kℓ−m)ℓ∗, with ℓ∗ the m-modular inverse of ℓ. Furthermore,
the choreography Qn(t) is 2πm-periodic and symmetric with respect to 2π/m
rotations.
Proof. Since eitω/ν = eitℓ/m is 2πm-periodic, the function Qn(t) = e
itω/νxn(t)
is 2πm-periodic. Furthermore, since
Qn(t− 2π) = e
i(t−2π)ω/νxn(t− 2π) = e
−i2πℓ/mQn(t), (13)
the orbit of Qn(t) is invariant under 2π/m rotations.
The solutions satisfy
Qj(t) = e
it(ω/ν)xj(t) = e
it(ω/ν)eijζxn(t+ jkζ)
= eit(ω/ν)eijζe−i(ω/ν)(t+jkζ)Qn(t+ jkζ) = e
−ij((ω/ν)k−1)ζQn(t+ jkζ) .
Using the fact that ω/ν = ℓ/m, ζ = 2π/n, we have
j ((ω/ν)k − 1) ζ = 2πj
(
ℓk −m
mn
)
= 2πj(r/m) ,
with r = (kℓ−m)/n ∈ Z by assumption.
Since ℓ and m are relatively prime, we can find ℓ∗, the m-modular inverse
of ℓ. Since ℓℓ∗ = 1 mod m, it follows from the symmetry (13) that
Qn(t− 2πjrℓ
∗) = e−i2πj(r/m)Qn(t).
Using the fact that k˜ = k − rnℓ∗ = k − (kℓ−m)ℓ∗, the result follows from
Qj(t) = e
−i2πj(r/m)Qn(t + jkζ) = Qn(t + j(k − rnℓ
∗)ζ). (14)
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